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Abstract
The concept of cutting is first explicitly introduced. By the concept, a convex expansion for finite
distributive lattices is considered. Thus, a more general method for drawing the Hasse diagram is given,
and the rank generating function of a finite distributive lattice is obtained. In addition, we have sev-
eral enumerative properties on finite distributive lattices and verify the generalized Euler formula for
polyhedrons.
Key words: finite distributive lattice; cutting (sublattice); convex expansion; filter lattice; enumer-
ative property
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1 Introduction
Day introduced a doubling construction in a proof in [6]. Using the construction, Jo´nsson [16] considered
the free products of lattices, Day [7] provided an affirmative answer to a McKenzie’s problem [18], Davey et
al. [4] studied the exponents of lattices for finite distributive lattices, and Siva´k [23] characterized a class of
finite lattices put by Schein [22]. Day et al. [9] obtained a result of the construction on distributive lattice.
In addition, Day et al. [10] found various applications of doubling construction in the study of finite lattices
etc., and Day [8] obtained some results for the construction. Geyer [13] extended the construction to obtain
a lattice, and Nation [21] surveyed the doubling construction. Recently, Erne´ et al. [12] obtained a convex
expansion for finite distributive lattices by the construction. Bertet et al. [2] characterized the doubling
convex sets in lattices and got a recognition algorithms.
In the paper a cutting of a finite distributive lattice is first explicitly introduced; in fact, Day [8, 9] already
had the thought on cutting and got some results, we give two equivalent characterizations by the fundamental
theorem for finite distributive lattices [3]. Using the concept of cutting, we obtain a convex expansion for
finite distributive lattices; moreover, the expansion extends a result for finite distributive lattices in [12] and
the method for drawing the Hasse diagram of a filter lattice in [25, P293]. Using the convex expansion for
finite distributive lattices, we have a series of consequences, including the rank generating function [25], the
number of convex Boolean sublattices of finite distributive lattice, and the number of particular elements;
especially, the conclusions of Fibonacci and Lucas cubes [15, 19]. Finally, we verify the generalized Euler
formula for polyhedrons by the relation of convex Boolean sublattices and antichains of posets.
∗This work was supported by NSFC (Grant No. 11761064).
†Corresponding author.
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2 Preliminaries
A set P equipped with a partial order relation ≤ is said to be a partially ordered set (poset for short). We
write x ‖ y if x  y and y  x. A subposet S of P is a chain if any two elements of S are comparable, and
denoted by n if |S| = n [5]. The chain S of P is called saturated if there does not exist u ∈ P \ S such that
s < u < t for some s, t ∈ S and such that S ∪ {u} is a chain [25]. The set consisting of all minimal (resp.
maximal) elements of P is denoted by MinP (resp. MaxP ). Let x ≺ y denote y covers x in P , i.e. x < y
and x ≤ z < y implies z = x. The subset Q of the poset P is called convex if a, b ∈ Q, c ∈ P , and a ≤ c ≤ b
imply that c ∈ Q. The set of all filters of a poset P is denoted by F(P ), and carries the usual anti-inclusion
order, forms a finite distributive lattice called filter lattice. Note that if P = ∅, then F(P ) = 1. For a finite
lattice L, we denote by 0ˆL (resp. 1ˆL) the minimum (resp. maximum) element in L. For a finite distributive
lattice L, let Mi(L) denote the set of all meet-irreducible elements, regarded as a poset under the ordering
of L [14].
For some concepts and notations not explained in the paper, refer to [5, 14, 25].
Theorem 2.1 ([3, 25]) Let L be a finite distributive lattice. Then there is a unique (up to isomorphism)
poset P for which L ∼= F(P ). In fact P ∼= Mi(L).
3 Convex expansion
Definition 3.1 Let L be a finite distributive lattice and let K be a convex sublattice, i.e. interval, of L. We
say the lattice K is a cutting of L if any maximal chain of L contains at least one element of K.
Especially, if K = {a} (a 6= 0ˆL or 1ˆL) is a cutting of a finite distributive lattice L, then a is called a
cutting element of L [27].
Let L = F(P ) be a finite distributive lattice and let K be a interval of L, then S = 0ˆK \ 1ˆK is a
convex subposet of P . In addition, let S0 := Max(P \ 0ˆK) = { z ∈ P \ 0ˆK | 0ˆK ∪ {z} ∈ F(P ) }, and
S1 := Min 1ˆK = { y ∈ 1ˆK | 1ˆK \ {y} ∈ F(P ) }. Clearly P = ↓ S0 ∪˙ S ∪˙ ↑ S1 and z 6> y for all z ∈ S0, y ∈ S1,
where P ∪˙ S is the disjoint union of two posets P and S [5].
Let K be a cutting of a finite distributive lattice L = F(P ). The poset PK := (P ∪ {xK},≤) is defined
as follows: x ≤ y if x ≤ y in P for all x, y ∈ P ; and xK ≻ z for all z ∈ S0, xK ≺ y for all y ∈ S1 and xK ‖ w
for all w ∈ S. This partially order is well-defined by Theorem 3.1.
Let P be a poset and x is an element not necessarily in P . We denote by P − x and P ∗ x the induced
subposet obtained from P \ {x} and P \ (↑ x ∪ ↓x), respectively. Obviously x ‖ w for every w ∈ P ∗ x, and
P ∗ x ⊆ (P − x) for all x ∈ P , moreover P ∗ x ∼= P − x if and only if P ∼= (P − x) ∪˙ {x}.
Theorem 3.1 Let K be a interval of a finite distributive lattice L = F(P ). The posets S, S0 and S1 are
defined as above, then the following are equivalent:
(1) L = ↑ 0ˆK ∪ ↓ 1ˆK ;
(2) K is a cutting of L;
(3) z < y for all z ∈ S0 and y ∈ S1;
(4) there exist xK such that S = PK ∗ xK .
Proof It is trivial that (3) ⇐⇒ (4) and it is not hard to verify (1) ⇐⇒ (2), we prove (2) ⇐⇒ (3) in
what follows.
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Firstly, by contradiction, suppose that z ∈ S0 (thus z /∈ 0ˆk) and y ∈ S1 ⊆ 1ˆK such that z ‖ y, thus there
existsM ∈ K(∼= F(S)) such thatM∪{z} ≺M ≺M \{y}, thereforeM∪{z}\{y}, 0ˆK∪{z}, 1ˆK\{y} ∈ F(P )\
K, it follows that there exists a saturated chain {0ˆK∪{z}, . . . , 0ˆK ∪{z},M ∪{z}\{y}, 1ˆK \{y}, . . . , 1ˆK \{y}}
containing no any element in K (see Figure 1), a contradiction. Therefore, the partial order on PK is
well-defined.
Conversely, let P = 0ˆL ≺ · · · ≺M0 ≺M ≺ · · · ≺ 1ˆL = ∅ be a saturated chain in L such that M0 \M ⊆ S0
and M ∩ S0 = ∅. By the assumption, 1ˆK = ↑ S1 ⊆ M0, thus 1ˆK ⊆ M and 1ˆK ⊆ M ⊆ 0ˆK , i.e. M ∈ K, thus
K is a cutting of L. 
K M
M ∪ {z}
M \ {y}
M ∪ {z} \ {y}
Figure 1: Illustrating proof of Theorem 3.1
Observe that F(PK) is a convex expansion of L, let L⊞K denote the expansion, namely L⊞K ∼= F(PK)
(see Figure 2, where L ∼= F(P ), L ⊞ K ∼= F(PK) and K ∼= F(P ∗ xK)); in general, if L ⊞ K exists, then
K ⊞ L does not exist unless L ∼= K. Day [8, 9] had obtained a result on the distributivity of L⊞K.
Lemma 3.2 ([8, 9]) Let L be a finite distributive lattice. If K ⊆ L is a interval, then L⊞K (L[K] in [8, 9])
is again distributive if and only if L = ↑ 0ˆK ∪ ↓ 1ˆK .
Moreover, it is easy to prove the following convex expansion for finite distributive lattices.
Theorem 3.3 If K is a cutting of a finite distributive lattice L = F(P ), then there exists xK such that
F(PK) ∼= F(P )⊞ F(PK ∗ xK).
On the other hand, F(P ) is also considered as a convex expansion, that is for every x ∈ P ,
F(P ) ∼= F(P − x)⊞ F(P ∗ x).
In particular, if P − x ∼= P ∗ x, then F(P ) ∼= F(P − x) 2. Note that Theorem 3.3 holds for all x ∈ P ,
thus we get a more general method for drawing the Hasse diagram of F(P ) than Stanley’s in [25, P293]. On
the other hand, we have a consequence on Day’s doubling construction.
Remark 3.4 Let L be a finite distributive lattice and let K be a cutting of L. If 1ˆK = 1ˆL, then L ↑ 0ˆK in
[12] is the same as L ⊞K. Thus, the operation L ⊞K is a special case of doubling construction on lattices
in [6], and a generalization of the case in [12, Section 2].
In addition, we have two more general results than those in [12, Section 2], namely Corollaries 3.5 and
3.6.
Corollary 3.5 Let P = P0 ∪ Pm be a finite poset, where P0 ∩ Pm = ∅ and Pi = {x1, x2, . . . , xi} for i ∈
{1, 2, . . . ,m}, then
F(P ) ∼= (· · · ((F(P0)⊞ F((P0 ∪ P1) ∗ x1))⊞ F((P0 ∪ P2) ∗ x2))⊞ · · ·
⊞ F((P0 ∪ Pm−1) ∗ xm−1))⊞ F((P0 ∪ Pm) ∗ xm).
3
K0ˆK
1ˆK
(a) the finite distributive lattice L with a cutting K
xK
K
K ′(∼= K)
(b) the expansion L⊞K
Figure 2: The finite distributive lattices L and L⊞K
Specially, if P0 = ∅ in Corollary 3.5, a more general result is obtained by Theorem 2.1.
Corollary 3.6 Every finite distributive lattice with more than one element can be generated from one element
lattice 1 by finite expansions ⊞.
The consequences for cut element is also obtained.
Corollary 3.7 Let P be a poset and x ∈ P . Then F(P − x) has a cut element, if and only if there exist two
cut elements M1,M2 ∈ F(P ) such that M1 ∼=M2 ∪ {x}, if and only if P ∗ x = ∅.
Let P and S be posets, by P + S and P ∔ S denote ordinal sum and vertical sum [5] of P and S,
respectively. As a consequence of Theorem 3.3, we have the following result.
Corollary 3.8 ([5]) Let P and S be posets, then F(P + 1) ∼= F(P ) + 1,F(1+ P ) ∼= 1+ F(P ). Moreover,
F(P ∪˙ S) ∼= F(P ) F(S) and F(P + S) ∼= F(P )∔ F(S).
4 Enumerative properties
It is easy to show that the enumeration result on L⊞K by counting. Let RL(K,x) denote the rank generating
function of K in L, and R(L, x) := RL(L, x); and let hL(x) denote the height of x in L for x ∈ L. The rank
generating function of L⊞K is obtained by Theorem 3.3.
Proposition 4.1 Let L be a finite distributive lattice and K is a cutting of L. The rank generating function
of L⊞K is
R(L⊞K,x) = RL(↓ K,x) + xRL(↑ K,x) = R(↓ K,x) + x
hL(0ˆK)+1R(↑ K,x)
In particular, we have the follow corollary.
Corollary 4.2 Let L be a finite distributive lattice and K is a cutting of L. The rank generating function
of L⊞K is
R(L⊞K,x) =


R(L, x) + xhL(0ˆK)+1R(K,x), if 1ˆK = 1ˆL;
R(K,x) + xR(L, x), if 0ˆK = 0ˆL.
Let qk(L) denote the number of convex Boolean lattice Bk in L, and let qk(L) = 0 if no Bk exists. In
fact, qk(L) is equal to the number of antichains of k elements in Mi(L).
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Theorem 4.3 Let L be a finite distributive lattice and let K be a cutting of L. For k ≥ 0, we have
qk(L⊞K) = qk(L) + qk(K) + qk−1(K).
Especially, |L⊞K| = |L|+ |K|.
For some filter lattices of special posets, not only the number of elements is calculated, but also the
structure is obtained. For example, the undirected Hasse diagrams of filter lattices of the fences [25] and
crown [1, 17] are Fibonacci cubes and Lucas cubes, respectively [26].
1 n− 1 n+ 1
n
m+ n− 2
(a) Zm+n−2
1 n− 1 n+ 1
n
m+ n− 2
(b) Zm+n−2 − n
1 n− 1 n+ 1
n
m+ n− 2
(c) Zm+n−2 ∗ n
Figure 3: An example for applications of Theorem 4.3
By Theorems 3.3 and 4.3, we have some results on Fibonacci cubes and Lucas cubes, that is Corollaries 4.4
and 4.5.
Corollary 4.4 For the fences as shown in Figure 3, we have
Γm+n−2 ∼= (Γm−2  Γn−1)⊞ (Γm−3  Γn−2),
and
qk(Γm+n−2) = qk(Γm−2  Γn−1) + qk(Γm−3  Γn−2) + qk−1(Γm−3  Γn−2), (1)
where Γn is the n-th Fibonacci cube.
Hence some formulas for Fibonacci cubes are shown easily. For instance, let k = 0 in (1), we have
Fm+n = FmFn+1 + Fm−1Fn.
In particular, let m = 2, the equation (1) implies
Fn+2 = Fn+1 + Fn.
1
2n
(a) ⊲⊳2n
1
2nm
(b) ⊲⊳2n −m
1
2nm
(c) ⊲⊳2n ∗m
Figure 4: Another example for applications of Theorem 4.3
Corollary 4.5 For the crown as shown in Figure 4, we have
Λ2n ∼= Γ2n−1 ⊞ Γ
∗
2n−3,
and
qk(Λ2n) = qk(Γ2n−1) + qk(Γ2n−3) + qk−1(Γ2n−3), (2)
where Λn is the n-th Lucas cube.
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Hence some formulas for Lucas cubes are shown easily too. For instance, using the same method in (1) for
(2), we have
L2n = F2n+1 + F2n−1.
Moreover, as similar to results in [20], we can obtain the recurrence relations of rank generating functions
of Γn and Λ2n, by Corollary 4.2, respectively, but we shall omit them.
Let d−k (L) = |{ x ∈ L | deg
−
L (x) = k }|, d
+
k (L) = |{ x ∈ L | deg
+
L(x) = k }|, and dk(L) = |{ x ∈ L |
degL(x) = k }|, where deg
−
L (x) = |{ y ∈ L | x ≺ y }|, deg
+
L(x) = |{ y ∈ L | y ≺ x }| and degL(x) =
deg−L (x) + deg
+
L(x) for x ∈ L. It is not difficult to see that d
−
0 (L) = 1 and d
−
1 (L) = |Mi(L)| for all finite
distributive lattice L.
Remark 4.6 If L is a finite distributive lattice, thus both d−k (L) and d
+
k (L) is equal to the number of maximal
antichains in Mi(L) with only k elements. Therefore, it suffices to consider d−k (L).
In addition, the recurrence relations on d−k (L) and dk(L) are obtained easily (see Figures 5 and 6).
Theorem 4.7 Let L be a finite distributive lattice. If K is a cutting of L, then
dk((L ⊞K)⊞K) = dk(L ⊞K) + dk−2(K).
and
d−k (L ⊞K) = d
−
k (L) + d
−
k−1(K),
xK
x′K
K
K ′(∼= K)
K ′′(∼= K)
−→
xK
x′K
K
K ′(∼= K)
K ′′(∼= K)
Figure 5: Illustrating the recurrence relation of dk(L ⊞K ⊞K)
xK
K
K ′(∼= K) −→
xK
K
K ′(∼= K)
Figure 6: Illustrating the recurrence relation of dk(L ⊞K)
By definitions of qk(L) and d
−
k (L), we have the results on them.
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Proposition 4.8 Let L be a finite distributive lattice and m is the size of set of all maximal antichains in
Mi(L). Then
qk(L) =
m∑
j=k
(
j
k
)
d−j (L);
moreover, by binomial transform,
d−k (L) =
m∑
j=k
(−1)j−k
(
j
k
)
qj(L).
Let QL(x) =
∑m
k=0 qk(L)x
k and D−L (x) =
∑m
k=0 d
−
k (L)x
k, from Proposition 4.8, a simple calculation leads
to the following two corollaries.
Corollary 4.9 Let L be a finite distributive lattice and let m denote the size of set of all maximal antichains
in Mi(L). We have
QL(x) = D
−
L (1 + x).
In addition, for a finite distributive lattice L, because of the fact that there is only one element covered
by no element in L and the element having exactly one cover is meet-irreducible, the following corollary is
immediate.
Corollary 4.10 Let L be a finite distributive lattice. Then
QL(−1) = q0(L)− q1(L) + q2(L)− q3(L) + · · · = D
−
L (0) = 1,
and
dQL(x)
dx
∣∣∣∣
x=−1
=
dD−L (x)
dx
∣∣∣∣
x=0
= d−1 (L) = |Mi(L)|.
This means that we verify the generalized Euler formula for polyhedrons with Euler characteristic χ = 1
[11] and a special case of [24].
We finally remark that all results on filter can be written dually the conclusions on ideal and remain
correct.
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